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I N T R O D U C T I O N  

The research topic  e n t i t l e d  Y3OLUTION OF THE EQUATION FOR VERTICAL 

FLIGHT OF A. ROCKET ACCORDIK TO THX GWKCCAL-MATHEMATICAL METHOD” i s  

one of many studies undertaken on the design and construction of 

SCT rockets using s o l i d  and l iqu id  fuels,for t h e  Sec re t a r i a l  of 

Communications an6 Transportation. 

All these personal s tudies  will be published when t h e  wr i t e r  has 

the  time t o  do so  s ince they represent s c i e n t i f i c  and technical  s tudies  

on rockets i n  accordance with the  l imited resources avai lable  t o  us. 



SCLUTIOl\? OF THE EdUATION FOR VERTICAL F L I G h T  

OF A ROCKET IN T:HE ATNOSP'FERE 

C H A P T E R  I 

General Considerations 

To determine the  f l i g h t  charac te r i s t ics  of SCT-1 and SCT-2 rockets 9 L- 
t he  point by point .al&$Lation of the t r i a l  and. e r r o r  method vas used 

u n t i l  t h e  f l i g h t  equation was sa t i s f ied .  

we have an idea of the rocket's beclaviour. But i f  we wish t o  follow a 

log ica l ,  mathematical orcler, then we must solve the d i f f e r e n t i a l  f l i g h t  

This i s  a quick method when 

equation within f i n i t e  boundaries. 

I n  order t o  f a c i l i t a t e  stucly, we s h a l l  consider only t h e  rocket 's  

v e r t i c a l  notion i n  t h e  atmosphere: i n  another study we s h a l l  discuss the  

more general case of t h e  rocket moving horizontally,  

Kewton's laws are  the basis  of  t h i s  study since they explain the  

phenomena t o  which bodies a t  rest a& i n  motion are  subjected, 

Newton's Second Law. The r a t e  of change of momentum of a body i s  

6 i r e c t l y  proportional t o  the acting force and the momentum takes place i n  

the d i rec t ion  i n  which the force acts.  Theequation i s  F e Ma, Fron t h i s  

equation we can a l s o  say tha t  the accelerat ion produced by the force applied 

t o  t h e  body i s  d i r e c t l y  proportional t o  the nagnitude of t he  force and 

inversely proportional t o  the mass of the bo2y. 



I n  Figure 1 a rocket i s  shown a s  a body on which various forces  / A  

The forces  a c t  with the resu l t  t h a t  motion i n  f u l l  f l i g h t  i s  affected.  

I 

act ing on the rocket are:  

Aerodynamic o r  Retarding Resistance; i n  English the  

word "drag" i s  ?referred. 

F : The propelling force which produces the  v e r t i c a l  4" i 

W 

.1 

A t  any 

the  e f fec t ive  force Fe which produces the  rocket's accelerat ion 8, i s  

assigned a value according t o  the second pr inciple  of Newton's Law. 

Fe = Ma F - W - D (1) 

Later we s h a l l  examine equation (1) f o r  a l l  values given a t  t i m e  t 

a f t e r  t h e  rocket's ignit ion.  

The component pa r t s  of a jet-propelled rocket are: 

1. The propulsion system, 

2. The mass of propellants ( the  fue l  plus the oxidizer),  

3. Dead space of the rocket (body). 

x 



4, The payload (explosives or material  t o  be transported),  

During propelled f l i g h t  the  t o t a l  mass decreases, I f  Mo i s  the  mass 

of t he  missile before ign i t ion ,  m 
P 

the oxidizer) ,  and m the  mass of the body and payload, then we have: 

the mass of t he  propel lants  ( fue l  plus 

During f l i g h t ,  t h e  mass of the propellants progressively decreases.b-. 

We s h a l l  assume i n  this study t h a t  the consumption per  u n i t  of time i s  

constant which means t h a t  the combusion gases w i l l  leave a t  t h e  same 

veloci ty  - V ; we s h a l l  discuss t h i s  ve loc i ty  i n  grea te r  d e t a i l  l a t e r .  

V' var ies  according t o  a l t i t u d e  f o r  equal r a t e s  of consumption f o r  f u e l  

and oxidizer per uni t  of time: 

I f  we make: 

w = propellant consumption per second, 

x($)=the percentage or f r ac t ion  of t o t a l  propellant 

b 

6 

mass consumed per un i t  of time, then we have: 

vV=g x mp 
(weight /second) 

A t  aqy time t, mass K of the rocket will be: P 
- dM = x  m 

dt 
M=Mo - x mpt (slue; i n  the  US,) (2)  

I f  we d i f f e ren t i a t e  equation ( Z ) ,  then we g e t  the 

f i rs t  d.erivative which i s  the relat ionship showing how the mass of the  

rocket var ies  with respect t o  time, 

M,=rn+ mp ( s lug /uni t  of time) (3 )  

The negative s ign ind ica tes  t h a t  the mass decreases 

a s  time goes on. 

c: 
-l u 



C H A P T E R  I1 

PROPEUING FORCE 

The t h r u s t  F of a rocket i s  the reac t ion  experienced by a body due li 
t o  the ac t ion  of high veloci ty  of the mater ia l ;  i n  t h i s  case, t h e  exhaust 

gases, 

I n  dynamics the word "momentum" i s  d-efined as  the  product of the  mass I 
, 

times i t s  vel9city;  in t h e  case of the  gases escaping a t  high speed from 

the  exhaust nozzle, t he  momentum of many uniform p a r t i c l e s  streaming a t  a 

uniform velocity.  Thus, the gas stream can be expressed 5x1 the  momentum 

of a so l id  body of the same mass and veloci ty ,  

:&en t h e  pressure of t he  medium i s  equal t o  t h e  pressure of the  

gases escaping from the  exhaust nozzle, this i s  ca l led  t h r u s t  and 

i s  expressed as  follows: 

Nowadays it i s  possible t o  g e t  a high combustion e f f ic iency  with 

respect t o  the i d s a l  heat of the chemical react ion,  with values from 

94 t o  99$ being attained. 

The i n t e r n a l  eff ic iency or  the r e l a t i o n  between the  k ine t i c  energy 

a t  the exhaust nozzle ou t l e t  and the thermal energy of the chemical 

reac t ion  i s  defined as:  

i n  which nint i s  the i n t e r n a l  efficiency, 

V ' the e f f ec t ive  velocity of the  escaping gases 

+ t h e  react ion heat per uni t  of propellant 

J t h e  mechanical heat equivalent, 

+ 

if 



The propulsion eff ic iency w i l l  be: 

If V i s  the  velocity of t h e  rocket 

2v 

The t o t a l  eff ic iency w i l l  be: 

v* v -* "t = Fv 
w Q R J + I  * v L  

T T j -  9 

The spec i f ic  impulse, a lso  known as  spec i f i c  t h rus t ,  i s  defined 

"i &=F= - by t h e  following formula: 

9 ( 8 )  W 

It i s  the force exerted by a unit of propellant per second. 

We have. presented the  foregoing considerations i n  order t o  ind ica te  

c l ea r ly  how t h e  maximum propellant force can be atteined;nevertheless,  

i n  summarizing matters on eff ic iencies  and atmospheric conditions, the  

following f ac to r s  must be taken in to  consideration: 

I n  the  cornbustion chamber there a r e  losses  due to :  

improper mixing causing incomplete combustion (I$) ; 

loss of heat  through surrounding surfaces (2$); 

energy l o s t  through the  exhaust (57 t o  27%); 

l o s s  of res idual  energy i n  t he  exhaust gases (20%). 



It i s  possible t o  deduce from t h i s  t ha t  from 0 t o  50s of t he  rocket's 

propellant energy can be u t i l i zed ,  

Vith regard t o  the  var ia t ion  i n  propellant force due t o  a l t i t u d e  

or var ia t ion  i n  atmospheric pressure, we use average v e l o c i t i e s  i n  our 

calculat ions,  but i n  order t o  have an idea of how these var ia t ions  occur, 

we s h a l l  advance the following theory: 

If p1 = the  in te rna l  pressure of t h e  combustion chamber, 

a s  wel l  as t he  pressure i n  the  : ~ , c G &  1 

= pressure a t  the  exhaust nozzle of t he  combustion p2 
chamber; 

D = pressure of t he  atmosphere or of t he  ex te r io r  medium, 
3 

then by applying the momentum principle  t o  f l u ids ,  we ge t  the  following 

The term (p, - p ) A 2  i s  t h e  t h r u s t  which a c t s  i n  t h e  same d i r ec t ion  
3 

and on t h e  same out le t  area A of the exhaust nozzle, 2 

A l s o ,  V2 equals Vt , the  exit ve loc i ty  of the exhaust stream. 

To f ind  t h e  e f f ec t s  of th rus t  a t  various a l t i t udes ,  l e t  us comFare 

t h e  t h r u s t  with the  pressure p1 inside t h e  conbustion chamber. 

By applying t h e  pr inciple  of the conservation of matter t o  the  

gas stream of the  exhaust nozzle of  t h e  j e t  propulsion motor, we get :  

W I  = w2 = Ag vg - A 2  - v2 (10) 

v2 



i n  which Ag i s  the  

v, i s  the 

V i s  t h e  
3 

g 

th roa t  o r  most constricted sect ion of t he  exhaust nozzle, 

gas flow velocity i n  the  throa t ,  a d  

spec i f ic  volume i n  cubic f e e t  per pound i n  t he  throat .  

If we subs t i tu te  the values i n  equation ( 9 ) ,  we get: 

From equation (11) the i d e a l  thrust  i s  determined, and by applying 

an experimental o r  empirical factor  A , we ot-Lain :]iL? ef fec t ive  thrus t .  

I f  Fe equals a Fi and 

i f  we c a l l  

Ag t h e  throat  area,  

the th rus t  e f f i c i e n t ,  bF 

pl the  press;lre inside the  t h roa t ,  then we have 

The connection f ac to r  var ies  between 0.92 and I and depends on the  

s i t u a t i o n  i n  t h e  exhaust nozzle. 

Xith respect t o  the thrus t  coef f ic ien t ,  by associkion of 

equations (11) an2 (12) and anplying the  pr inciples  of themodynamics, 

i - l ~ i e h  we shall not go i n t o  here, the  following value i s  obtained: 

k +  I 
T T -  

v 

p2-p3 

P1 



I n  this equation we note that:  g i s  the pressure inside the_I-&- 

combustion chamber; p2 i s  the  pressure of the  combustion gases a t  t he  

exhaust nozzle out le t ;  and p 

surrounding medium. 

I 

i s  t h e  atmospheric pressure of the  3 

A good exhaust nozzle must be designed t o  give a s t r a igh t  j e t  

of gases. 

t o  atmospheric pressure, but this can on ly  be accomplished within ce r t a in  

limits s ince during f l i g h t  p3 varies  according t o  the a l t i tude .  

This w i l l  make p2 = p3 o r  t he  exit gas pressure almost equal 

Since 

tends t o  decrease i n  t he  atmosnherio l aye r  there  i s  preater  expansion p3 
i n  the exhaust nozzle a d  therefore the thrust increases;  t ha t  i s ,  when 

~2 decreases, C increases. F 
A This rneans t h a t  the  th rus t  

F 

F , - F =  P C F P ~  9 "  

var ies  in proportion t o  the C . 
Figure 3 shows graphically how the atmospheric pressure var ies  a t  

d i f f e ren t  a l t i t udes  above sea l eve l .  

Fig.  3. Variation i n  atmospheric nressure i n  r e l a t i o n  t o  a l t i t u + e  

above sea level .  



Pressure p1 i n  t he  combustion chamber of l iquid-fuel  engines 

remains constant since t h e  injectionsystem i s  designed f o r  autonat ic  

control ,  t ha t  i s ,  an equal amount of f u e l  i s  used a t  any qiven time. 

This i s  not t h e  case f o r  solid-fuel rockets s ince the  e n t i r e  space 

occupied by t h e  so l id  fue l  i s  the  oombustion chamber. 

calculat ions must be made within definable limits. 

Therefore, 

4 



C H A P T E R  I11 

Gravitational Force I 1 ~7 
This force,  a s  previously stated,  i s  designated as  W: it i s  due 

t o  the  ear th ' s  a t t r a c t i o n  and i s  equal t o  M x g. 

M i s  the  mass a t  the  moment when t h e  analysis  i s  undertaken; 

g is t h e  grav i ta t iona l  acceleration which, i n  our aerodynamic study of 

any rocket , is  the ear th ' s  resistance t o  anything leavlnq i t s  surface. 

Mass M will have the value of M, before the rocket 's  combustion i s  

i n i t i a t e d :  it w i l l  be m a f t e r  combustion of the pronellants Qr f u e l  ( m  ). 
P dM t x mp. We gave the  var ia t ion  of this  mass i n  equation 3, - 

dt 
The gravi ta t iona l  acceleration g var ies  with altitude; a t  sea l e v e l  

g = 9.8066 i n  the  l a t i t u d e  of Ecuador where t h e  ear th ' s  radius Ro = 6.387 
kilometers. (In the US system go = 32.2 feet/sec 2 , and R = 3963 m i l e s .  ) 

0 

I n  order t o  determine the acceleration due t o  gravi ty  a t  any height "h" 

above sea level, we s t a r t  with the known principle  t h a t  it varies  with khe 

square of the  distance from the center of the  earth. I f  go i s  the  

accelerat ion on the  surface of the ear th  with a radius of R,, then 

g a t  height "h" wi l l  have the value: 



C H A P T E R  I V  

A i r  Resistance 
I 

/ 

- i. 

The force of the  a i rk  resistance,  which i s  ca l led  "drag" i n  

English, i s  the  force which opposes the  free movement of a rocket 

within the  atmosnhere: it i s  found accordinp t o  t h e  formula: 

(15) 2 D = 1/2p s CD v 
' n  which ,,- is t'?e c'ensity of t h e  a i r ,  

S i s  the la rges t  cross-seCfAon of t h e  rocket 

C t he  retardat ion o r  drag coef f ic ien t ,  and 

V t h e  f l i g h t  ve loc i ty  of t he  rocket. 
D .  

Equation (13) i s  the  c lass ica l  one expressing aerodynamic res i s tance  

but  only when the vehicle moves ve r t i ca l ly  i n  the  atmosphere, It gives 

t h e  resis tance which depends on: t h e  density of atmospheric a i r  which 

var ies  with height above sea level ;  the  m a x i m u m  cross sect ion of the  rocket; 

t h e  square of t he  veloci ty  with which the  rocket changes i t s  posi t ion;  

and the  drag coef f ic ien t  which is  re la ted  t o  the  Mach number during f l i g h t .  

The drag coef f ic ien t  C encompasses a l l  the  resis tance e f f ec t s  
D 

produced i n  the  nose cone,%:he, external surface f r i c t i o n  of t he  rocket,  

and i n  t h e  rocket 's  t a i l  assembly. Nithout going i n t o  too xuch d e t a i l ,  

we can give a summary explanation of each resis tance e f f ec t ,  since our 

main purpose i s  solving the f l i g h t  equation. 

The res i s tance  e f f ec t  of drag i n  t h e  nose cone i s  due t o  the. a i r  

slowing down i n  the  v i c i n i t y  of the rocket 's  nose cone. I n  t h a t  area,  it 

produces much greater  pressures than those of the surrounding atmosphere 

and very high temperatures r e s u l t  which force us t o  use materials t h e r e ' , ,  

t h a t  a r e  r e s i s t a n t  t o  high temperatures. 
-I 

. &  

A i r  slippage of t he  dividing 

boundary layer  of t h e  atmosphere surrounding t h e  rocket 

produces external  surface f r i c t i o n ,  The r e s i s t a n t  drag e f f ec t  a t  t h e  
12 



t a i l  is  caused by t h e  separation o f  the a i r  stream a t  t h a t  point ,  

c recit.clJz a reverse-acting suction. 4 
The e f f ec t  a t  t he  nose cone and t h a t  on the  rocket's ex t e r io r  surface 

a r e  more d i f f i c u l t  t o  evaluate: nevertheless, t h e  j e t  ac t ion  has a grea t  

influence on the t a i l  drag, because during t h e  time the  j e t  i s  b las t ing ,  

t he re  i s  no suction. From t h i s  we can say t h a t  there  must always be 

propulsion while inside the  atmosphere. 

A t  high supersonic speeds the drag a t  t h e  nose i s  much grea te r  

than a l l  t h e  f r i c t i o n  e f f ec t s  due t o  surface and t a i l  drag. This means 

t h a t  t h e  nose must be kept a t  the proper angle t o  decrease resis tance,  
various books and pamphlets 

A s  f o r  t h e  drag coeff ic ient  C ,Jhave been published with graphs showing 
D 

how it var ies  i n  r e l a t i o n  80 the Nach number. These data  were used i n  

aeroc@namic calculat ions od l iquid-fuel  rockets SCT-1 and SCT-2, a s  

w e l l  as  
O b  

t h e  solid-fuel rocket SCT-S5. I n  the granh shown as  Fig. 4, 

t he  C 

and f o r  cylind.rica1-shaped rockets. 

values a r e  given f o r  rockets, f o r  a rocket shaped l i k e  t h e  V2 bomb, D 

I n  Fig, 5 we can see how the  density of a i r  var ies  a t  d i f f e ren t  

alt i tud.es above sea level.  
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C H A P T E R  V 

Ver t ica l  F l igh t  Vithout Air Resistance 

The procedure for resolving t h e  aerodpamics of a rocket 's  

v e r t i c a l  f l ight i s  based on an analysis of t h e  nature of f l i g h t  

both with and without a i r  resistance. 

For f l i g h t  without a i r  res is tance,  equation (1) may be wr i t t en  as:  

Therefore, the instantaneous ve loc i ty  is :  
P 

I 

NakineJ t h e  necessarv suSst i tut ions,  we Det: 

If :c i s  t h i s  

x = l/t, i +lic!I 

combustion of the 

share oP m 

+ 

nass m : i f  w e  inte::raic- t h i s  l a s t  equation we ge t  

r,rhic!i t u r n s  wr second, then  we yay w r i t e  
9 

i s  t5e cut-off time o r  the  t i ne  requiree € o r  the  
:: 

P 

i n  i?-hich v i s  th? idea l  ve loc i ty  ui thout  a i r  res i s tance  st any moment 

within the combustion t i m e  and i n  which V 

when t h e  cornhusti~fi ei-igedered speed i n  t h e  rocket, 

i s  t he  s t e r t i n g  ve loc i ty  
0 

tc  
The veloc i ty  reached once conbustion tzkes  ?lace, occurs when t = 

s o  t h a t  we may wr i te  *,hc fol lowin? equation: 

VC =*Vi log, (1- - 9t,+ v, 



L?. 

Ey in tegra t ion  we obtain the height a t  any moment during which 

the  propulsion or combustior, i s  still going on. 'de c a l l  t h i s  height, h . 
n 

I n  t k i s  equation, h i s  the  heip;ht which t h e  rocpet  ?f, tsi .ns --Then 

cornbustion starts; the maximum height, i s  ti, vhich i s  reac.'reJ when the 
0 

conibustion terminates. The maximum he ich t  i s  attainecl whpn t 

which i s  t h e  cut-off time o r  timc when the combustion CPBSPS,  

I 2 
--c-. 9 t, + Vot, + ho 
2 

.LLI~OUT;  ca;cii?g i n t o  consicieraiion the resis tance of a i r ,  

g a v i t y  can slow dorm the  rocket. 

7n the  dynamics of f i r i n g  missiles of a ce r t a in  veloci ty  

- c  - 
C 

(19) 

only 

an8 which 

a r e  e jected ve r t i ca l ly ,  the missiles t r a v e l  i n  accorc'ance with the 

fornula  h = v a 

regarded a t  t h a t  t i m e  as a missi le  f i r ed  a t  speed V ; Eravity slms it c'own 

u n t i l  veloci ty  0 i s  at ta ined.  

. In our case, when combustion ceases the rocket i s  
?g 

C 

I n  t h i s  pericx' of time, the  rocket goes t o  

height  h 
E* 

-LTithout a i r  res is tance,  the rocket r e a c h e s  a maximum a l t i t u d e  of:  

hmax hc + hg ( 2 0 ) .  

'5 



V 2 //c7 
(21) hg = c 

2 9  . 
having the following value: 

If we subs t i t u t e  the values i n  equation (20) and simplify it, then 

w e  : a t  t h e  fo l lowi rq  foimula f o r  maximu?? heizht :  

in-i- e can fu r the r  simplify by making m = M - m 
n 0 

TL1e ma.i:i-~lm desirable  heiFht t o  be reachec' will alrrays c'encncl on 

the  V the wit, veloci ty  of t h e  combustion gases  which i s  d i r e c t l y  re la ted  

t o  t h e  duration of the combustion and i n  t h i s  study i s  c a l l 4  cut-off t i m e  tc; 

when m /M 

constantly borne i n  mind t h a t  m /M 

must be lightweight Eut provide qreat capacity f o r  propel lants  (%). 

j' 

has maximum values greater heights a r e  reached, T t  must be 
P o  

approaches uni ty ,  t h a t  i s  the rocket 
P O  

i 

6 



C H A P T E R  VI 

Vert ical  Flight with A i r  Resistance &b 
-”%en analyzing the a i r  resistance,  i t s  re ta rda t ion  e f f ec t  on 

the  motion i s  indicated i n  equation (1) an? a s u b s t i t u t i i n  of values 

If we sixzilif’y t h i s  equation and show the combustion time: 

I n  t h e  l a s t  equation V i s  the launching veloci ty  before cornbustion 
0 

s t a r t s ,  that is ,  t he  veloci ty  o f  t he  rocket 

I n  t h e  equation,C 

ve loc i ty  the  Mach number increases and t h i s  accounts f o r  C 

d i f fe ren t  values as seen i n  Figure 4. 

a i r y :  

and/ a r e  considered constants since they vary only l i t t l e  i n  value. 

Xe assign an average value t o  g,  which i s  the grav i ta t iona l  accelerat ion 

i n  the  atmosphere. 

when conbustion s t a r t s .  

i s  a variable because with changine: height and D 
havinz 

D 
The sane i s  true f o r  the density of 

D t h i s  obliges us  t o  integrate  fo r  f i n i t e  times during which C 

I ‘i’ 



m 'dith regard. t o  the integrat ion i n  the  foregoing equation for 

obtaining the. m a x i m u m  veloci ty  during propulsion (or what w e  have been 

ca l l ing  v ), i t s  value i s  determined by in tegra t ion  within t h e  l i m i t s  of 

0 and tc; 
C 

and by subs t i tu t ing  %/Mo f o r  y, ~t7e wt: 

A l l  textbooks on aerodynamics choose a ce r t a in  l e t t e r  f o r  it and we indica te  

it as El; thus, t h e  value of t h e  cut-off veloci ty  w i l l  be: 

(23) + v o  
Mo - mpJ CDS 

VC - V i  Loge (7 - g  tc - B i  
0 M o  

' LAP GUL-UII K l Y J g L l L ,  UI- LIE  L W L ~ I ~ L  a L L d l I l T L l  WLlCIJ r,u:~,~usiion ceases, 

will be: h, = V i  t, I - (  Log, &3?J]-+g tc*+v0 t, [ Mompmpk Mo 

CDS 
M O  

4- ho - 82 - 
(24) 

i n  which = f :d+ 
0' 

The maximum heiTht reached i s  determined a s  was done before,with t h e  

exception that we now take in to  account the air  resistance.  After 

combustion ceases, t h e  rocket continues t o  fly l i k e  a missile with 
v,2 

29 

l 

a starting veioci ty  of v ; due t o  i n e r t i a  it will reach height hg = 
C 

and therefore  the  rnax3.rnu.m heigkkto which it rises is: 



When great  heights a r e  reached the resis tance due t o  a i r  can be 

ignored. 

Vo and a l s o  h 

msde from the earth. 

moreso when C a n d /  vary with the a l t i t u d e  attained. 

complicated d e t a i l s  l e d  us t o  solve the equation of f l i g h t  by another 

Then equation (25) will become simplified; then, too,  we may consider 

a s  being zero, which i s  usual ly  the case when launchings a re  
0 

The solut ion t o  equation (25) i s  qui te  complicated and 

A11 these very 
D 

procedure without loosing s ight  of the dynamics of the  problem. 

We had t o  present the  mathematical development outlined above 

so t h a t  the  reader would b e t t e r  understand t h i s  "graphical-mathematical" 

method of solving the  equation. 



. -  

C H A P T E R  VI1 

Solution of t h e  3quation f o r  Vertical F l igh t  by 

t h e  Graphical-Mathema t i c a l  Method 

1. Climbing with Propulsion 

The solut ion of t h e  dynamic equation of v e r t i c a l  f l i g h t  was prompted 

by the des i re  t o  obtain a method which allows us t o  analyze graphically 

and mathematically t h e  change of t h e  idea l  veloci ty  v i  (without a i r  

res is tance)  a s  w e l l  a s  the effect ive ve loc i ty  ve (bearing i n  mind the  

a i r  res is tance)  with respect t o  time t, From the p lo t ,  i n  Fig, 6, 

subsequent values of t h e  effect ive ve loc i ty  nay be derived, 

as 

Je 

t, t 2  
0 

FiE. 4 ‘The y’elocity-Time Curves during Conbustion. 

The i d e a l  veloci ty  when there  i s  no a i r  res i s tance  

f ollms : 

ti 

i s  given 



4 . .  

The e f f ec t ive  veloci ty  i s  the r e a l  one i n  t h e  atmosphere L O  

since it take i n t o  account a i r  resistance. It i s  determined from 

the  equation: 
I 

A t  a given time t, the. loss of ve loc i ty  due t o  a i r  r e s i s t ance  

i s  found from the difference between ve loc i t i e s  a t  the i d e a l  and ac tua l ly  

ex is t ing  conditions : 

I n  the analysis  t o  be undertaksn,graphs for the  "vitt' and t h e  

''vetn are  p lo t ted  

consider t h e  e f f ec t  of t h e  drag coeff icfent  C 

numbers obtained. 

a t  t h e  smallest possible measurements so t h a t  we may 

D 
If we assume t h a t  within such f i n i t e  limits the  drag 

according t o  the  Mach 

force i s  constant,  we may write:  

The i n t e g r a l  d t  i s  a modulus o r  parameter which va r i e s  as  the  
AT- 

funct ion of time because M i s  the mass i n  the noment the ana lys i s  i s  

undertaken. 'de c a l l  t h i s  modul_us Q and we may therefore  wr i te  it: 
t 

If we subs t i t u t e  y = $/Mo and in t eg ra t e ,  we get: 

(27) 
tC Q,c-  -Loge (1 -  
Y b  



mD I 

Ey simplifyinr an? substitxtin.; + =  t, I \ 

Qt  = Log,( Mo ) 
w e  get: 

0 Mo - @ t  

The loss of veloci ty  during a f i n i t e  i n t e r v a l  i s :  

1 M O  
’ v i  - V e  = DQt = Log, ( 1-F) ED_ Log(- 

Y M ,  C f? M,-+t 

If we undertake i i1  eqwt ion  (15) t,!?~ s?; js t i tut ion:  

K 1  -+/ s CD 

then we get  f o r  the drag foi-ce: 

D = K 1  v2 

I n  Fig. 6 the ordinates a r e  s h o ~ m  c s  in te rsec t ing  t h e  curves 

of t h e  idea l  veloci ty  (v . )  and of the e f fec t ive  veloci ty  (v,) during 

the  f i n i t e  period of t i m e  At l y i x  between time t2 and t i m e  tl. V e  

assume t h a t  t h e  differences f o r  the a i r  dens i t ies  and t h e  drag 

1 

coef f ic ien ts  C f o r  times tl and t could be ignored. D 2 

I n  the  p lo t  of f i gu re  6 we have drawn a p a r a l l e l  of 

- t o  -- f o r  t h e  purpose of s t a t i n g  a re la t ionship 

m t h  the subsequent veloci ty  f o r  t2 . “e1 - “X Y.1- “iA 

Between times t and t 1 2 
we assume t h a t  there  i s  an average drag 

force  D, and we assume t h a t  only the veloci ty  changes between vel and 

vta  ; therefore ,  w e  get :  



. .  

I 
This can be rearranged t o  show that  we have t o  deal  with a quadratic 

equation, or  one of t he  secanc! degree: 
/aa 

K1 Q 2  
4 

n 

This mean? tkt the c-ffective veloci ty  a t  ti.,..; i is: 
2 

K1 Q2 
2 

9n the) b a s i s  of equation (32), i n  order t o  find the next o r  

subsequent veloci ty  value v 

curve s o  t h a t  we can t o  then deternine 

t h e  value of v -P can determine the  

we must d o t  the idea l  velocity-time 
42 

L i l  - “x 

X* 

e f fec t ive  veloci ty  of t he  rocket a t  time t Then between tl and t 
2’ 2 

because K w i l l  vary according 

2* 

1 we ca lcu la te  the  values of K1 and 3 

t o  height and velocity. We calculate K i n  point t and 4 i n  2;oint t 
2 

1 1 2 

In  t h i s  way, w e  a re  always r e a l i s t i c ;  i n  case more exact calculat ions a re  

required,  it would be necessary t o  repeat the calculations i n  each point 

t o  3etermina hZ, and t o  determine more correc t ly  and t o  f i nd  a f i r s t  

ve loz i tq  v for 
e2 

coefficient.  

the  Mach nunber which furnishes the value of t h e  drag 

Close t o  the sound ba r r i e r  where the Mach number i s  uni ty ,  

we w i l l  get  the grea tes t  drag coefficient.  

The e f fec t ive  height reached. i s  6eterm:ned with the average values of 

v and v , derived from the respective plots.  e l  e2 

&en a l iquid-fuel  rocket is analyzed, the  amount of f u e l  bu rndne r  

second i s  constant, but f o r  a solid-fuel rocket the  f l i g h t  analysis  i s  more 

complicated because the  propelling force va.ries between a minirnu-n and a 

maximum. T h i s  means t h a t  the thrust  var ies  a s  a function of time 
* ‘ A  
c -  



( i t s  change with respect t o  t i m e  i s  determined i n  a t es t  stand) s ince 

the ex i t  veloci ty  of the  gases v ’  a l s o  varies.  3- 
For the analysis  of a solid-fuel rocket during t h e  time of f l i g h t ,  

we must write up a t ab le  with convenient t i m e  in te rva ls ,  and w e  must 

when doing this be duly aware of the e f f ec t  of t h e  sound ba r r i e r ,  i , e ,  

when the  Mach number i s  equal t o  1. 

Equation (32) encompasses the dynamic e f f ec t  during combustion; 

i f  we determine this we will realize t h a t  t h e  behaviour of the rocket 

i s  d i f fe ren t .  When using t h i s  equation, it i s  always necessary t o  

follow t h e  accumulative system of the tab les  s ince it must be usee 

Letwentwo points  i.e., the M must be calculated when it i s  used again. 
0 

I n  a sol id-fuel  rocket according t o  equation (27-B): 

Mo 
) ; a i s  variable. 

1 ’  - ( P +  Qt = 
If L the length of t h e  sol id-fuel  cylinder,  

= the  in te rna l  diameter of the  core before the  di 
rocket i s  igni ted,  

d = t he  diameter of t h e  core a t  any given 

= t he  l inear  r a d i a l  combustion veloci ty  v c l  
‘ U  

8 = the specific weight of t he  solid f u e l  
,, 

then  we may wr i te  forf-hc mass of fuel burned un a t  any given time: 

time 

of the  

which means t h a t  t h e  inciantaneous mass of t h e  rocket is: 

‘“hen combustion ends, the  pronulsion force i s  F = 0; t he rea f t e r  the  

rocket continues t o  r ise due t o  iner t ia ,  but it has t o  overcome two r e s i s t a n t  



. forces: g rav i ty  and a i r  resistance. It w i l l  s top r i s i n g  when 

the  e f fec t ive  f l i g h t  veloci ty  i s  ve = 0. 

Let us now analyze f l i g h t -  conditions without propulsion, i r e . ,  

V i  

Ve  

f o r  F= 0. 

7 

i r  t Z  

Fig. 7. 

Naw t h e  rocket no longer i s  carryins fuel, y, = 0 

The v e l o c i t y - t h e  curve f o r  ascent without propulsion. 

M O P  m p e  m = m  

The mass i s  then constant and a t  a.ny time i t s  value i s  m which 

Under these conditions, a l so ,  t he  rocket 's  i n i t i a l  i s  dead weight. 

ve loc i ty  i s  vc, the cut-off velocity.  So, f o r  any given time, we 

may write: 
D 
m (33) vi - v e  - t 

dhen t h e  rocket continues t o  climb t o  high a l t i t u d e s  due t o  

i n e r t i a ,  t h e  value of a i r  resistance D grows smaller and smaller 

because the  a i r  densi ty  has a l i m i t  value of zero and the  e f fec t ive  

ve loc i ty  w i l l  drop t o  zero. Thus, when calculat ing the  value D, we 

shall not operate with an averagevelocity but s h a l l  take t h e  

ve loc i ty  of t h e  next point. 



Subst i tut ing the values i n  --+ , i,- 1 .+ appIyinp; it i n  point -I;. ,we get: 

The foregoin? i s  L second-degree equa'AC>n and i t s  so lu t i6n  is :  

' n which: 

- t  m 

K1 = 2 c , s  2 

(34) 

Squat'ion (34) i s  valid when v = v .  = v 

Accordingly, we calculate  the values of t he  e 

C I e*  

bctive veloci ty  

From these new a l t i t u d e s  "V 'I: a l t i t u d e s  o r  heights "h" are determined. 

we obtain new values f o r  a i r  density. 

e 

A t ab l e ,  s e t  up i n  columns, w i l l  f a c i l i t a t e  p lo t t i ng  the velocity- 

ins ide  the  atmosphere we assume t h a t  the acce lera t ion  due time graphs; 

t o  grav i ty  ( g )  i s  constant, 

with high power rockets of long propulsion periods, t he  e f f e c t  of 

There i s  no doubt t h a t  i n  high a l t i t udes ,  

atmosphere becomes secondar--: 

the grea tes t  ve loc i t i e s  within the atmosphere, 

l iquid-fuel rockets do not a t t a i n  

Now using equation ( 3 + ) ,  we analyze the  f l i g h t  u n t i l  the  highest  

a l t i t u d e  due t o  i n e r t i a  i s  attained. 

theef fec t ive  and i d e a l  veloci ty  reaches zero ( 0 ) .  

A t  t h a t  maximum a l t i t u d e ,  

Let us f i rs t  simplify equation (34). 



. 
/ 

q ,  
/ "^ 
I- 

.f we in tegra te  the  equation for the  i d e a l  veloci ty  and keep i n  

mind t h a t  vi = ve when t = 0, we get: 

't 
m 

3. The Rocket F a l l s  i n to  the iitmosphere 

The aerodynamic analysis  s t a r t s  when h i s  a t  i t s  maximum and 

when vi and ve = 0; the  i n i t i a l  velocity i s  zero but when descent 

begins, a t  any in s t an t  only external forces  will act :  i , e , ,  gravi ty  

w i l l  move the  rocket an+ the drag or a i r  res is tance w i l l  oppose t h e  f e l l i n g  

motion. We may thus write:  

F - M a = -  dv z W - D  d t  

For the rocket 's  d.esceKt, t h e  ic?eal veloci ty  without a i r  

resistance: 

The e f fec t ive  velocit:; o r  t h a t  w i t h  tiir resis tance i s  expressed : 
4 

= / ( w - i ! -  dt 

I n  both cases, mass 1.1 = XI i s  constazt ,  ;:hich s implif ies  analysis.  

The l o s s  of velocity $ue t o  a i r  r e s i s 5 x e  i s  seen as: 

D 
vi - ve = -t m 

(37) 



Fig, 8. The 'v'elocity-Time & l o t  for  Descent without Propulsion, 

During time t2 t h e  decrease i n  veloci ty  i s  -- i f  we accept t h a t  

and therefore  the veloci ty  ~t t i m e  t:, - i s :  - 

2m 
On t h e  basis  of equation (3,3), f l i g h t  craphs nay- be d o t t e d :  accordingly, 

3s the  e f fec t ive  ve loc i t i e s  a re  calcuzated, t h e  a l t i t u d e s  a re  determined, 

a s  ~ b G & t * 1 , ;  new values-are  obtained.' , the  a i r  density., the Mach number, e tc ,  

If more precise  calculat ions a re  desired, a f t e r  t he  v 

mined, then we may give k 

k 

gathered which indicate how the rocket will aove aerodynmically during 

and the h2 a re  deter-  
e2 

a EW value since i n  t h i s  case it i s  prac t ica l ly  1 
By using a t a b l e  with a s  many columns a s  necessary, r e su l t s  a re  

2,  

i t s  return t o  earth,  

c 



"Jresented here i s  the  graphical-mathematical theory of how a 

rocket will behave ins ide  the atmosphere. I n  the  atmosphere above 

supersonic speeds, temperatures above 350° C a r e  reached a t  t he  

rocket 's  nose. This forces us t o  use materials highly r e s i s t a n t  

t o  those high temperatures. 

Space rockets t ravel ing inside t h e  atmosphere have low veloc i t ies  

i n  comparison with the  ve loc i t ies  required t o  put vehicles i n t o  orb i t .  

I n  theo re t i ca l  s tudies  on t h i s  topic, a i r  res is tance has been minimized, 

but t h e  c o s t  of the f u e l  t o  overcome that resis tance cannot be ignored. 

Xexico, D.F,, August I, 1965 
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